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are studied in some detail using the Cheeger's approach and explicit
expressions are given. In the compact case, the -function of the Laplace operator turns
out to be singular at the origin. As a result, strictly speaking, the -function regularisation
does not \regularise" and a further subtraction is required for the related one-loop eective
potential.
PACS numbers: 04.62.+v., 11.10.Wx
Manifolds with conical singularities attracted the interest of some physicist since the be-
ginning of the century with the works of Sommerfeld, but it was in the last decades that they
become popular among all physicists working on space-times with horizons. The reason is due
to the fact that in such kind of space-times there is a natural equilibrium temperature, the
Hawking temperature, which, within the Euclidean approach, can be easily computed by im-
posing the absence of the conical singularity [1], i.e. by requiring the space-time to be a smooth
manifold. A lot of work has been done in this direction, mainly concerning the pure cone, where
heat kernel [2, 3, 4, 5, 6, 7] and -function[8, 9, 10] and their applications to physics have been
studied in some detail. The generalised cone has been investigated for the rst time in a seminal
paper by Cheeger [11], where the interested reader can nd the general properties concerning the
heat kernel and -function related to the Laplace opearator on functions and more recently by
Bordag, Dowker and Kirsten[12, 13], where the generalisation to generic p forms has also been
carried out. Here we derive explicit analytic expressions for the -function of a Laplace operator
acting on functions (massless scalar elds) in a generalised cone with an arbitrary smooth base,
following the Cheeger's approach [11].




















is the metric of the compact smooth manifoldM
N
, with or without boundary (the
base). Let us denote x = (r; ) 2 M
D
,  2 M
N
. For example, for the pure cone with decit
angle 2   , 0 <  < ,  being a parameter which takes the conical singularity into account.




and in this case M
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are well known, the spectrum is continuous and a complete set of normalised eigenfunctions of





















is easily found to be
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Bessel function. Moreover, 
N
is the Laplace operator acting on functions inM
N
, then it has

















= (N   1)=2. With regard to the behaviour near the conical singularities, the compact case
is similar to the non compact one, then we shall approximate it with the latter (for which we
know the spectrum), but with the restriction 0 < r < R.
For the diagonal kernel of a generic operator F (L
D
) one has [11]














 d : (4)


























()  d : (5)
As it stands, such an expression is only formal, since the series and the integral could not be
convergent.






















() d : (6)
The integration over  can be performed providing that
1
2
< Re s < Re 

+ 1, while the series





. If such a condition is not satised (this is the more common case), one has to treat










as in the paper of




































































































, N represents the number of zero modes of L
N
, while the properties of
G(s), F (s) and c
j
(s) will be studied in some detail in the following. As we shall see, F (0) = 0,
c
0
(s) = 1, while c
j
(0) = 0 for any j > 0. Furthermore, the meromorphic structure of (sjL
N
) is







































In the non compact case the integration of the latter equation over r, with the measure r
N
dr

























namely it is logarithmically divergent. The same result can be obtained rst integrating (s; rjL
D
)
with respect to r and then taking the limit s! 0. However, in the compact case we may perform
the integration considering Re s suciently large, in order to have the convergence at r = 0.





































This result must be compared with Ref. [12], where the special case in which M
N
is a sphere
of radius a has been analyzed. This is our main result. In the compact generalised cone the
-function of the Laplace operator may have a pole at s = 0, in contrast with the Minakshisun-
daram theorem [15], which states that the -function is regular in the smooth compact case. In
the non compact case one gets a logarithmic divergence. Furthermore, if the base of the gener-
alised coneM
N





and the -function has the usual meromorphic structure. This is also trivially true for the pure
(2-dimensional) cone case, since the base is a at manifold. IfM
N
has boundary, then the pole
at s = 0 is always present.
Alternatively, the singularity at s = 0 of the -function could be traced back from the













) ds : (13)
Shifting the vertical contour to the left one gets the asymptotic expansion for short t and in





), in agreement with the Cheeger's result [11]. Conversely, if one has a logarithmic
term in t in the heat-kernel expansion, the presence of a simple pole at s = 0 in the -function
directly follows (see for example Ref. [12]). In a dierent setting, this happens if one is dealing




=  being a non compact
hyperbolic manifold with nite volume [16].
3
Now we outline the procedure leading to the analytic continuation of the -function at s = 0.





































= (N  1)=2. With regard to
the convergence of the latter series we observe that for  !1 one has the asymptotic expansion
















a result, the series in Eq. (14) is convergent for Re s > (N + 1)=2. The c
j
(s) coecients in



















being the Bernoulli numbers. It it easy to see that the function
 ( s+1)
 (+s)
for any s =  n=2
(n =  1; 0; 1; 2; :::) is eectively a polynomial of order 
n+1
, in fact



























































; n =  1; 1; 3; :::
(16)
Then it follows that c
j
( n=2) must vanish for all j > (n + 1)=2 (they have a simple zero at
s =  n=2, n =  1; 0; 1; 2; :::). One can directly verify that also c
j
(1) = 0 for all j > 0. The rst
coecients can be computed and read
c
0
(s) = 1 ; c
1
(s) =












It has to be noted that G(s) has a simple poles at s =
N+1
2












































represents the integer part of
~n
2


























; s) : (18)









have obtained the analytic continuation we were looking for. It is interesting to observe that the
functions f
~n
(; s), for a suciently large ~n, are identically vanishing at s = 1; 1=2; 0; 1=2; 1; :::
and as a consequence also F (s) is vanishing in all that points. This fact permits us to compute the
4
behaviour ofG(s) in a neighbourhood of the half-integer points s =  n=2 (n =  2; 1; 0; 1; 2; :::).
































































is a smooth manifold without boundary, then all spectral coecients with odd n are
vanishing. Thus, for even N (odd D), it follows that G(0) = ( 1=2jL
N
), while for odd N (even
D), the rst term in the latter equation gives rise to the \anomalous" divergent contribution in
Eq. (12).
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 2 ZZ and moreover 
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directly follows. Here 
R
is the usual Riemann's zeta-function. Note that in Ref. [10] the function
G(s) is dened in a slightly dierent way.
We conclude with some remarks. In this letter the analytic properties of the -function




have been investigated using
the Cheeger's approach and explicit expressions for it have been obtained. We have shown that
in the compact case, the -function of the Laplace operator for a minimally coupled massless
scalar eld turns out to be singular at the origin. As a consequence, since the one-loop eective





Eq. (12) one sees that a further subtraction is required in order to remove the singularity at








principle, the nature of the counterterm is known. It has to be noted that if the base of the
generalised cone is a manifold with boundary, also in the odd-D dimensional case the singularity
at s = 0 of the -function is present.
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